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ABSTRACT

In Section I it is shown by using the simplest reflecting
surface--an infinite, pressure release plane surface--
that at least the Fresnel phase approximation and a reasonable
directivity pattern approximation are necessary before accurate
cre lictions in surface reflection and scattering problems can
be made. The average Rayleigh reflection coefficient for ran~ om
ecetrable surfaces of various roughnesses is calculated in

Section II. In ~ection III an integral expression is derived
for the acoustic field of a point source in a surface duct with
a r~~~h boundary. The integral was obtained by Green ’ s functions
and includes the rough surface condition by means of an effective
i:cnethtn~ e condition which also depends on the properties of the
r.ei..~ ii’~~.
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I. THE REFLECTION OF AN ACOUSTIC BEAI’4
BY AN INFINITE, PRESSURE RELEASE PLANE SURFACE

The prediction of the field scattered by a known surface
configuration or, conversely, the prediction of the surface configu-

ration from its scattered field is a difficult and complex problem.

Due to the extreme complexity of the problem, all of the solutions of

the integral equations obtained to date have contained numerous approxi-

mations. One of the fundamental difficulties associated with surface

scattering has been the determination of the ranges of validity and the

interaction of the various approximations.

The usual approximations can be put into five categories:
(1) formulation, (2) boundary values, (3) source directivity,

(1.~) phase approximation, and (5) surface representation . It was

sho~n in the Final Report under Contract N000214-69-C-l2 75 (April 1970)
that the potential formulation of reflection and scattering problems
has distinct advantages over the He imholtz ’ and Green ’ s functions
formulations and, in the li mit of a plane sur face , reduces to the
Rayleigh- .Sommerfeld formula. The boundary value for a plane , pressure
release surface is known exactly. The boundary values for arbitrary

penetrable surfaces will be the subject of later progress reports.

Surface representations for randomly rough surfaces will also be

treated further in future reports.

At this time only an infinite, pressure release plane surface

will be considered , since this is the simplest of surfaces and the
results are easily verified by the method of images. By treating a

plane surface, attention can be focused exclusively on the phase and

I
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source directivity approximations that will be necessary in the

treatment of arbitrary penetrable surfaces and the inverse problem,

and certain misconceptions about the phase and. directivity approxima-

tions can be exposed.

To gain insight into what approximations might be necessary, it

is useful to recall two experimentally established properties of the

intensity reflected by a pressure release plane surface : (1) the

range dependence is that predicted by geometrical acoustics , namely

l’(r +r
1
), and (2) the results predicted by the image technique

are indeed obtained. Drawings AS-69J-~78 and AS-69 -~4-79 demonstrat e
these properties. In light of the experimental facts, two conclusions

are inescapable : (1) the Fraunhofer phase approximation is never

correct when one is concerned with surface reflection or scattering

since it predicts a l/r r
1 

spreading loss; and (2) the analytic

solution should reduce to the image solution . The first conclusion

applies to arbitrarily rough surfaces since in the limit as the rough-

ness approaches zero, the results must reduce to a plane surface.

Hence, second and possibly higher order terms must be used in the
expansion of r and in the phase (Fresnel approximation); otherwise.

the correct range dependence will never be obtained.

In previous reports (see, for example , Final Report under

Contract T~J0u~J4-7O-C-l275), it has been shown that the pressure

reflected from a plane pressure release surface to some receiver at

A is given by:

ik( r -4- r )
p(A ) = 

~~ fJ
. 
P
0 
~ 

r r 1 
(i)
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where

i) if the amplitude factor is suppressed, P is simply the

directivity pattern of the source,

2) r and r are the distances from the source and the receiver
0 1

respectively to the surface element d.S,

3) ~ is the unit normal out of the surface at the point enclosed

by d.S,

is the unit vector pointing from the surface element I3.~~

along r1 
to the receiver, and

5) 2’ represents the insonified surface area.

The only assumption contained in this result is kr>~1. The geometry

is depicted in the accompanying diagram. 
- 

- ,

Q SOURCE
RECEIVER 

.
-

The origin is fixed at the point where the axis of the acoustic beam
intersects the plane . From simple trigonometry, it can be shown f~ r

a plane :

r sine
-~~~~~ lo rn .e 1 = r 1 

‘

and 

dS= dx dy • (
~

)

5 
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~ cte that r , r , e , an-I 6 . are cons tants , while r an~i r arelo 00 r 1 1 o
Va i- i t i l e s

In general . Eq. ( 1)  cannot be evaluated without making certain
approximations. Previously, it was pointed out that at least the
Fresnel approximation was required in the phase . The Fresnel phase

approximation is Civ n by the equation1

ik(r1
+r~~ = ik ( r 1 + r +  ax + x~ + ~~ y~ ) + higher order terms

1 (
~

)

where

a = ~os& . — cos6
1 2 -

R~~ ~Iir r ( r  +r )
DC 10 00 lo

P = ~r r (r sjn°6 + r sin
2
O.)

1 oo lo- 00 r lo 1

Elsewhere r and r will be replaced by r and. r .
0 1 00 lo

All that remains now is to find a suitable approximation to the

directivity pattern . For a nonisotropic source there are essentially

two tractable approximations for the directivity pattern . The first

is the simple aperture type function where it is assumed the inscni-

f icat ion is a constant over the reg ion of the surface defined by the

-3 dB points of the source and zero elsewhere cm the surface . The
geometry is shown in Dwg . AS-69-635. If the beamwidth of the source

is ~ deg, then the follcwiiu - expressions hold:

= r sin(8 / L ) - ’sin( 6 . -i-~~/ 2 )  , (
~

)

= r sin(~~. 2) siri(O.-~ :) , (6)

I = r tan(~ 1 2) , (7)

y = . (8)

L - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Then:

= ~~‘2O log
1

e , (9 )

a = ~2~~ l 
, and. (10)

Ia 
(11)

where

1) K is a constant which D r OVi le s the -~~ di value at the

appropriate p cir~t off the learn axis ,

2) a is the sernimajor axis of the insonified ellipse , and

3) ~ is the semiminor axis.

Note that the e f fec t  of the range d i f fe rences  from one point on the

ellipse to another has been ignored in setting the -3 di points .  These

expressions are calculated in detail  in the Quarterly Progress Report

4 unde r Contract U3O2~ -69-C-l2 75 for April - June 1969 . In the calcula-

tions, a beamwidth, ~~, of 8 deg will be assumed since this is the

beamwidth of the source used in the experimental program .

If now the ellipse is approximated by a rectangle of dimensions

~i , A~+\ ~ , then the pressure ref lected by a plane surface where the

directivity pattern is assumed to be a simple aperture may be calculated.J

Using Eqs. (2), (
~), and (4) in Eq. (1) gives

/ 2 2x y
- - £ ik a x + — + ~---

p( A) = o r r
r e 00 10 J _[e 

1 
ixiy . (12 )

oo l o  
~ -I

L ~~~~~~~~~~~~~~~~~~~~ _ _  



The integrals in Eq.  (12) are by de f ini t ion Fresnel integrals and. upon

forming the product of p(A) and its complex conjugate, the intensity is

obtained.:

Ip = p*(A)p(A) = 

[c1(C~~+C~ 2) - ~ 1 (s~~+2 A )]4 + [~~(CA1
+C
~ 2) + 

C 1(s 2~~ S~
2)]

2

(r +r )(r +r sin 6 . / S i n~~0 .)\ O 0  10 00 lo 1 1 
(~~ z )

where

C ( x )  1X cos (~ u
2
)du , (i4)

and

S(x) 
=f 

sin( u2)du . (15)

Then

C1 = C[t%
1
~~~
] 

, (16)

= c[(~
_ 

.

~~ 

aR
i)%/ j  

, (17)

CA = 
C[(

+ ~ aRi)~~~~~
] 

‘ 
( i s )

= sfi~~~~J 
, ( ic~)

= sf( \1_ 
.
~~ 

ai~.1)~~fl~~
] 

‘ ant (20)

= s[(~~+ 
~

- . t ) ~1~ j . ( : i

)9
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It is , however , possible to make a considerably better aDprcximatinn
to the 1 -e ct-ivity pattern . If the side lobes may be igriorel, a

suitable functional, form is

= exP [ _ K ~
2 / ( ~ / 2) 2]  , (22)

where
1) K and. 1 have been previously de floed , and
2) is the angular displacement measured from the beam axis.

Since the integration is to be performed. over the sarface , it is

neces sary to express Eq . (2k) as a function of the surface variables- x

2 and y. A useful, analytically tractable approximation to 22. (22) is

P
o 

= exP[K(~~ + . (23 )

This form was suggested by Clay, 2 and Horton and :-:uir.3 The direct ivi ty
pattern given by ~~~~~ (~~~3) represent s a single lobe* source wh ose surface
insonification is an ellipse of seminajor axis ~° , and. semicinor axis ~~~.

with the introd.ust ion of 
~

-l. (± 3 )  the integration limits may now be

taken as infinite for noot practical cases. This consideration can be

vr- ry important in connection with arbitrary c-cr faces , since often tke
i r tegrabi l i ty of the e ~uatisns will depend. on the extei-J of the I irnits .

It. is possible to generalize ~~~~ ( - 3) to a multi - li e directivi~ y
• ca t e r -~ ; for 01 2—lobe source the ecuati sI becom es

/~ ? 2
x ‘-8. ~ ‘

1 ,4, 1

= 

1 

~~~~

- 

10 

---- --—-- -
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In Ihu . A2- (u-bOo , the experimentally rne :tsure I ~iI - - O  jvi~
pattern of the 100 kl-{z source used in scattcrin1- experic~- nts is - c - - -

pared wi th  ~oi .  ( r - ~) .  2] -awir ~g Af 7O_~ O~ coc~pai-c ~ s . ( :~. ) an I ( 2 )

for various source grazing angles

Low’ the intensity re f lec ted  from a plane , pressure relea- -e - ~~i’ f t

OaI I be calculatel .  Pub st i tut ing 2 15 . (4 )  and ( 3) into  ~~~~~ ( 1)  ‘ 0 . 2

t L~ produ ct of p ( A )  w i th  i ts complex conjugate ~ive s

= s~~(. ’. ) p ( A )  = (2 
~~~~~ 2

1111:h(  ~~~ 
+ ~ +y 

)

i [k a (x_ x ’ )  + ~~~~ (x ~~-x ’ )  + ~~ (y

e ~l -

- ‘ ake the t ransformat ions 5 = x-x ’ , = y -y ’ , = (x+x ’)u , and
= ( ::+~- ‘)  ‘2 then the ir ~teirat ions f’ low ea s ily ,  yielding

exp [_ KF 1 a
2 

(i ( l+F)]
I = - - 

_______ 
‘ (

~~
)

‘ 
(r +r )( r + r sin 6 . / sin ’ 6 ~~~( i + p ) (  l+~~00 lo  00 lo 1 r

5-

P 
~~ 

)

2 

~

-

~~ 

(
1 - c l  .~ ti - ’ apn1- ’ ’ x i s : O ’ l v  cero f~: I P ’- - ‘ t -  - 2 u t  ~

- . ‘
~~ l ’ r ~ . (‘~~~ is

c u - - I y a u’ - - 1 u - - , , 1 2 1 -

I I

_ _  - -- - -
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The solut ion obtained u sing image techniques is

1
inage 

= 
2 = 

exp [_2K~
2
/(~~,4 2) 2j 

, ( 26)
(r’+r~) (r ’+r~)

where ~ is now the angle to S~~ SOURCE

the receiver measured from the ..~r.
- “N r10

beam axis of the image source . .
‘- 8 ~

The geometry is given in the PLANE

accompanying diagram. Through r00
simple geometry, ~ is found in

terms of r , r1 ,  
~~ 

and 9
r 

~~SOURCE

E r sin(6. —6 )
- lo 1 r

= Arctan , ( 7 )r -1-i’ cos( 6 . -e
00 lo 1 r

and by the Law of Cosines

2 2 2~(r’+r ’) r +r +ur r cos(6.-9 ) -o 1 00 lo oo lo 1 a

In the specular direction , examination of 2-u s . (25) ant ( ± ~) r e v ea l s

.~ 1
irnage 

= - 
1 

( ‘ t I)
p p I r  +2’

00 lo

The image solution Eq. (16) is - ‘mp-tre I with ±qs . (13) - tn,i (O ls)

l’or various source  graz~ r~i - angles and receiver r’uiu ’a s in )wgs. Ag_72_5ul,

AP- ru -Of , and. A2-70 -° 3. The Fresne l cc ut i on with the  real ist ic
c li rect iv ity  pattern (~~

-
~~~~ u t i e  i Fresnel  celution ) is clearly superior to

- 

—

~~~~~~~~~ ,~~~~ . 
--
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the Irosnel  solution with an apertur e type direetivity pattern (Fresnel -

solut i o n ) ,  It is interesting to not e that at low grazing angles and

fur receiver 2-aulgos of the same magnitude as the source ranfe , the .

distortion in the Lodified Fresnel solution corresponds closel y to the

distortion in the directivity pattern (Eq. ±3),  but is ref lec ted .  As

r /r increases, the distortion in the Modified Fresnel solutionlo 00

decreases until for large r
1

/r the Lodified Fresnel is nearly equal

to the image solution .

18
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II .  CAJ AI 1LATIOU OF REFLECTION C0EFFICIE~~TS

FOB ROUCi T I ATT 1~~1JATINC BOTTOMS

In this section the Ray leigh ref lect ion coef f ic ien t  is codified

to accoun t for bottom roughness . The method. of 2ackenzie is followed

so that the effects of roughness will  be easil y observab le .  i- ron;

Oug. A$-70-70 it is obvious that to include the effects of rouu ’lc:ess

it is onl y necessary to express the local incident an I refracted an-icc ,

-in I I , in terms of the angles from the mean d ane , and ~ , at

each point on the surface. These are related. th7-c ui-h the angle ~~ which. -

for a randomly rough surface, will be a stochastic variable. Froc;

the drawing it is clear that

h
l
_ 6

l
+
~~ 

, ~2
_ 6

2
+ p  . (w : )

It is assumed. that at any p o in t -  ci I:’ . ui’fa- ’ , t h e  re f lec t ion
coefficient is civen by the u su a l  l—ay leigh coeluicier0 reference.i to

the tau ccult plane . Following Mackenzie ,
1 
thi s expression is

— _.-L _ .L~
_ 

(a ~~~— 
p
~ 

— i+±

2 _ _ _  

. (
~

so that
0 0 ~~~~~~ —

5 =  - 
I 

- • ~~~ C ;~ 1 l ;  4 0 1, 111. —

1 1  

-- --- - - - -
~~
---

~
-

~~~
---- 
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(~~~o) in Eq. (33) aiil the appr opriat e t r l f 0 0 0 c e t r a  c ~dent:t  ie~
1 -4 ’e s

~ c (sinG cos1~ + cosO sinfl) - o C (sinG cos~ + cosG~sin~)1 1 1 1  -
= 

o - - (sinG
1
cos(~ + cos9

1
sin~1-) + p

1c1
( sin6~ cos~ + cos8~ sin~~)

± 0w- let

= tan~ , (
~~

)

so ho is the slope at the given point on the surface , and le t

A = - - c . sinG — u c sin8 ,
- - 1 1 1

= o c sin9 + p
1
c
1

sin6
2 -

(36)
s cos81 

- p
1
c
1
cosB

2 
. and

= c~ cos9 + c c cos8~+ 1 1 1

This ~ives

A + ‘ii~ (A + flF ) / B
÷

2 A + ’ ~”~~~ A+ 

- 

~~~ 
. ( 3 )

-xp -uiiii;g this in tea-c s of ~~ gives

2 = 
~ 

(A
_ P + 

- A
+

B
~~~t ( l) E(~+y~~

l 
K 

- (3 : )

~~l t ’ i ’  A , -\ i s the h - t y i e i ~O; -oeffici’’nt iou’ a p 1 ne 511 t a- c .



-

The parameter C may now be redefined. in terms of the angles 81 ~~~

6, as

p
1
c
1
sin60

= 
~2

c
2~’~~ 1 

. ( 39)

After a little algebraic manipulation the Rayleigh coefficient becomes

tanG tanG

B = + 
{:sT(t ~~~~

;1�}~~~ (~~l)Kn
K 
{tan6l 

1
~~}

Since r~ is a random variable , to find. <B> it is only necessary to

replace ~ by <~> in the series above. It is assumed that ~i 
has a zero

mean Gaussian distribution . This implies that all odd moments

are zero.

To include the effects of attenuation in the bottom it is now

necessary to allow S’ to be complex:

C’  = x + iy - ( L iJ)

The quantities x and y are related to Mackenzie ’s parameters g and h by

. h+i~~x +iy = - • 
(4~ )osin&1

whe re a is the impedance ratio at the boundary. If only the first

nonzero term of the series is retained , <5> may be ut in the fcsr”c

= - (~~~ 3)
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I ? 1 - /‘ctn6
= [(1+x) -P j ( l _ x )  + -y~(l+x) + 15 > ( _ _ _ ~_! i

\tar±J~ 
-

[ ~~~~~~~~~~

-i- - (x —
~

,‘ )

~ari~~2 -

- - 
t-oiS~ tan G

0’ = ~(l+:
_
~~~] 

+ ±y~ ( l -x ~~) <r~~~~ 
(. 

: _ l
~
[
~ + 

~~-:O , &  
ox ~

j 
-

- -~~~(l+x)~

= ~~[
l+x)~~_Y ] + 2y ( l + x )  -

inal ly. the ca , -n itude of the re f le  ~ti-sr; coeffi -ier.t inclu-~ir;±

at~ onuation an t roughness is oiven by

= ( 1 
)

2 
[ 2  ÷ (1- c ’ -.A C’) ] - (1

~t )
(2 ’ +1’ ’

iLi ; cal -- u; . -f irig the I-l- ~
’ slope 

~~~~ ~~~. it wa ;  a s;s ,e i ~~~. ii. tIc ;uf . - w a .

- Ps- I- - c t at all c- -ints whe~ -~- the I ope u- -t: less I Ice . - - c:

~he Pr ; -i I- ’ au~fie . Thi ‘ -~; ‘ ;:u;c p4u on u- . - ;i ft - s in a - i c r  le - 0 f ’ ’  t o

l i n u s - i  she lot e~ I h-st i .;’ir~es~~ol
2
~ ant -i .  a value c- f -

~~ 
-f

- alIt 1~, P 1 l ’ or . i ’ r- -rc tIe t rue P2-P 51 ~~ 0 I l ~~ l u’’

a i s le s .

- :  O i . - L r ’ t i ’ -  2 1 ; .i I t . c r s ’,.i L I .  tO f I l l -  1 2 ’  i - s  c~ l

v - I -  -11 i-n ’ were - ‘uIn :i ci . Th~ ; e c- - r n - ’ - - i  ~~~~ 
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inc is- to  tO w- angu la r  distribution of the scatteri-- I field, so it is not

an e-tu-.Lti-uu; icr the full sc a t t er i n g  coefficient . It cic~-ly represents

the c hange in the reflection cc—efficient resulting from the intu-ocluctiori

of rau- ium i-ougl;iless into the c ’eoune tx -y  of the problem . In suicce ~uent

~epoi-t s the angular d i s t r ibu t i on  wi l l  be combined with these resul ts  to

give an equation for the scattering coefficient for penetrable rough

sur faces .

All of the calculated curves were evaluated at 5.0 kI-Iz for ease cf

cus s-arisen wi th  PrLckef l Zi e ’ s data. Ceveral different values of i~-1P slope

were calcul tted but only the one which produced the 2 a2’gest var i :s,i - - u s

in the ref lect ion coef f i c ien t  was plotted. Jrawing: .  A2-T O-7~ilE an

A;. — 7 0— ’797 show cases  ul i erts  c0/c 1~
l. For these cases it is pos sifl e to

have an angle of in t ror si ss ion ; however, neither of the curves shown exPlicit

this behavior because of the assumed attenuation . Pa-awing A2-7C-’700

show s a case where c - c
1
>l . Again , the critical angle behavior’ of this

bottom is absent due to the attenuation . It should. be noted that w i e r e

o ~C<l . the reflection coefficient that includes roughness lies. i -sr

the most part, below the plane reflection coefficient . while for

c , y c
1
>l. the opposite is true .

ln conclusion , the overall e f f ec t  ct i i c - ln , i iu ; - r cu 1O ;u ; - - so  i ii  I is-

r - o f l e - t  ion coef f ic ien t  is very slight . In none of ~~~ cas-~ s -n.1 i€crn I

a-a :: 1- I re  variat ion more than -LI out 2 10 for the u- ’1i1-l ; e - I  I -~ I - - u s  an

ir t  lee-I in cost  cases - the va r i a t i o n  wa’s onl v a f e w  f e u d  In  — I ’ a t -  - i l - I  -

i1 

---~~ - - - - —-“--
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III . ACOUSTIC FIELD IN A SURFACE DUCT

WITH A ROUGH BOUNDARY

A. Introduction

The pu -op acat ion of acoustic waves in a surface duct with an

i ru-egul -t a -  l:uu.r;dar-y is treated by means of Green ’ s functions . lay

theory has been applie I to this problem by various authors,5~~~ but

f-cu ’ shallow’ water, low-frequency propagation ray theory is ina-Ie-.luaf.e.

-:nsal mode wave theory has also been used~~~~
’ in examining this

problem . A useful survey of both ray theory arid wave approaches has

r- - cerutly been given 1y Schulkin .

The following treatment will be very similar to that of Bucker ’ s°~

lost will use Green ’s functions and a different impedance condition in

the basic integral . The impedance condition now depends on the nature

of the -re-liuc as well as the random boundary. A rough boundary can Ic

L ’ P S - . X J ’it , C i  by a flat boundary with some effective impedance (or

i- - - t 1 - - .- 2 i - m  -oefficient ) in the case of wave guide pro pagation , 1 U I

the ‘ixsr ~ - .;si I I  for thi s inpe-tance (or reflection coefficient ) will 1

C gu ll  1 e I y ii f t c :  u -er ,t  f r ous the forms for reflection l u-or . a sing In

- 14 ,17, l’) ,2O
;O’~~~j ,’ r i  - O H’ ia - ’ .

I- her tire rough surface is replaced by an impedance cond il ,  ion

( . u- - : 2 - 1 , iv~.- i-c I l e c t i c u t  c o e f f i c i e n t ) ,  the propagation problem c’ar ; ~ c-

n i  ;- 
.
1 y ‘ - 1 as ::i -~~l u-; et.1 u is . A:- Bucker~~ in - u  suite : ’. , t i i  u- ap i - - i - c - a - I :  is

i,so :u) l ou -  t h e  case where l ’d  h source and receiver are in the d.u -I . 
- is -1’ i - i -  i c -  I to as t’ir:-t—orde r s - - i t - t , e r a r u - ( scattering out f

a - - I c) - hI; - !; I I I  :‘ ‘utr -e is in the duct and the r-~- - t -:Iver is bel a- the

~-p1~~;rur:-r, p ELAMC.,,NOT fIl,ètW

—--— -

~ 

—-.-- 
- - 

- 
— 

- -— -- - — - ‘- - - - —--.~~~ -“~~
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.i~~ot , then one must consider second-order scattering (scattering into

a so -ic). The treatments of second-order scattering given by Sch wei t zer 7

and Van Ness are believed to be in error . The present treatment will

only consider the first-order effects of the rough boundary.

B. Green ’s Function Solution

The wave equation for a point monopole source of unit strength ,

with angular frequency w, is given by

- - - i t  -p - —- —#- 
~

- -~4ut E (r-r )e ,
- - 0c (z) - ft

where

1) p represent s the pressur e,
2) c ( z )  is the soun d. velocity (variable in the coordinate z), an

3) 6(r -r ) is the three dimensional Dirac delta function .

If cylindrical coordinates (r, &, z) with azimuthal synmietry are

assumed and the time factor of exp(-iwt) is suppressed, then

! .

~

_ 

(r 
~

) + L4~ + ~~(z)G = -~~~ 5(r) 5(s~
z
~~
) , (~ 7)

w~;ere 1) k(z) = c c(z) represents tlv’ wave number, and P) the source

I:-: located at z=z and r=o , as indicated in Dwg . AS- ’O-7f7. The
-j ’uu -ti ca l depth coordinate z varies from o ~ z ~ ~~~. and the range
1- o,vdiu;a t r varies from o c r < ~~ 

- -~~~~~~~~~~~~~~~~~~ -~~----~~~~~~--~~~ - - -  - ---~~~~~~~~ - - - -~~~~~-— - --- - - -~~~~~~~~~~~~
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The pressure is then exp(-int) times the Green ’s fun ction C of
Eq. (1~~). The boundary conditions imposed on Eq. (147) are

a) C must satisfy a radiation condition for r —~~ ~ and z —~ = .

b) G /~~~~~~~~~~~ = y  , ( 148)

where 7 represents the impedance (or corresponding effective reflection
coefficient) condition found by the prescription given by Lysanov .

In the Preen ’ s function approach , Eq. ~-i-7) is separated into the
following forms :

~L + \ 1rJ G1( r , \1
) = -25( r) , ( I )  -

[L~
_ k

1] G2(z , z ‘-
~‘l~ 

= -8(z-z ) , (50 )

where the differential operators are defined by

L = 
~~~

— (r  ~~ , and (
~~l )r di’~~ dr/

2

L = ~~ + k
2
(z) , and ( 5 Z ~

dz

wheu-e - ,~~ is the separation constant . C1 and (~~~. are lefinr ’  I a:
resolvent Green ’s fun ctions when they sa tis fy  Eq. ( Jay ) a n t  Eq . ( ‘ *~) ,
respec tively, and are subject to the previousl y stated l e:u;tary ~.-~‘u;fl -

tions . The separation constant is a complex paraneter so r -  : 1  ri cte1 as
f ,, assu re a i u u i - ~u ue solution for Eqs. ( )~o_ >(;) -

-,‘- 

~~~~~~~~~~ -~~~~~~~~ - - - -- --~~~~~- - - ~~~~~~~~~~~~ 
A
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The Pu -eon ’ s function C of Eq. ( 147 ) is now given by a :omj. 1 ox

convolution uf P 1 and C

G(i-,z,z0
) = G~ ( r , \1) G . ( z , z , -~ 1) d~ 1 , (~ 3)

where the contour C separates the singularities of C and G,~ and, car1
be closed around those singularities of either one which allow a

uni g:eness- condition to l-e satisfied. for C and. G~ .1

The solutions to itp . (~~c )  and Eq. (50) that  sa t i s f y the repu iu - ed

l-oundar-y oonditions will be given now . For he exp( -i t) tis:e fa-~ u- ,

these  solution s are given by

= i~ ii~ (~~r ) ( ~ = 
4 ~,o ~ au g  

~ 
< ~~ ‘ 

( I  
~~~

and.

u g ( : ,~~) [n ( z  ,~~) — ( s  ,~~~~
‘

1 

~~~~~~~~~~~~ 

~ ‘ Z < Z < :o . (P’~s)

ri (z .~~)[u . .(. . F )  — “ i t  (:..~~~)]
C ~ Z < (

~ f

‘ HI ’ }f~( ~) i:; lie Uankel function of the first b ir l , ant

- 
n ( o , ~

) — n , (a,
= r i (°  ~) - ~~ ( ~~~) 

. ( -

The P x r , ’I -; i ru .  o~ c o  i s  ro p r ’ - : - . -  ‘ . t y  ‘, ( , .n
1
). w ; € ’  i- . -  ii ~ i’ a

50] i t  jI m - - I j ; : n ; c - . ’u , , - - ui , ‘ ; ‘ uO 1’ i- . ( 50 w } . l  oh I ra :  - ::~ - 
-

- i t i , ’ a - t v -  - :

- - _ _
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at z — 4 o , and n2 which has outgoing waves at — -~~. The p r ime s

indicate difi’erent ia t ion w ith respect to z.

When Eq. (~~
) and Eq. (55) are used in Eq. (53) ,  the Green s

function for Eq. ( 147) is obt ained:

I 
m
l
(5<~

)[n2
(z>,)~~ 

-Xn
1
(z>, ~

)] H
1( 
~r)~d~G(r , :.z ) = 

I n ‘
~ ‘° Jc ~n2, ~

where z< 
and. z> denote the smaller or larger, respectively, of the

variables z and z
0

When Ftj. ~,58) is integrated by Cauchy ’s residue theorem, the normal

modes (plus any branch line integrals) are obtained.. The poles yielding

the normal modes are given by ‘she zeroes of the expression

— :~n~ (o ~~)j .

Equation (58) represents the desired formula for the propagation
of sound in a surface channel with a rough boundary. It should be

noted , however , that because of the formulation, only first-order
effects of the rough surface aa-e considered.

Future work will deal with the application of Eq . (5b) to

specific velocity-depth profiles , the first being the bilin ear p r o f i l e - .
- 22

The results will then be compared with Bucker s, who a lso u se— I t h e

l il i n ear profile with a different interpretation for the irr .p edance

- ~rn Lit ion .

‘1 ,

_ _ _  _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



I - h I ’  PPEL’hP

1. U .  h .  -~ - l  : - n , ‘ P l - e - U i a u -  ‘P -a~ t eu - ing  of Acous ti c  have s i ’ s~cr; a ~c’u , -l
‘u u - f - i- -o in tb  1- r--iu::I: tt ’u - an—I Fu-esnel Appu-oxirsat icr;: ,
ho . -i I , — Ti-: - - , ‘pH led i-esearch b-abc ratories, The t r:iversity f
Texas at Ar . , ,  ‘~iu ; ,  A u s t i n , Texas ( J anua ry  T E~~~ ) .

2 . I - a u .  Tol : t ’~,- :- o , t  ‘ . S. - ‘ lay , Ocean Acous t ics  ( ~r aa- — j l i i ~~,
eu- , Y o u - k , l ’) b f - )  p .  1~H .

- C . 1 . il outoru an I T . C .  Mui r , “Theoretical Ptud ie :  on the
f e  i ’ r h;;’ , 1 ’ :l :oi~ - ~ic -. -:we : frcu:. a 1-cugi. fu r f a o e , ‘ .7. - ‘-u:~ -
‘ P C : : . tS . i. , ,  ‘‘  - 

‘— ~~-
_
; (~ °C-7).

- - V. ‘in - - .- r : s s - ,- . I I  e st ion  of : ‘ OUL J iso::, Coastal  bo t t  - ,
J .  t:.:ou5i . - c c .  Ar: . .  ~~ - ,  22] — ‘~~l ( 1y~h ) .

- - - 
- - - C - T - leecl ;a :: ., “

~ a-opagat ion of Eadiation in an I nluomcgeneou s
-

- ‘ - i r s. ear an lrsen,u, l :u- ‘Puu-face , ‘ .7. Acoust - Soc . Am. . l O T  - (L)
(10 -f ) . 

—

J. C . P-tu-hos- and. R. P. Bryant., “A ‘Ptatistical }-a~ The oup ~s i -  cus .
Cu’ouau ’aticn in Oceanic Isothermal 5 -u i ’ iaoe Layer : , “ Ti a va ]  ~‘e: -n a r -i
l aboratory Beport h o .  P~~uii (~~o ouly io 3) .

7. B. C. C -l;weit sos’, “:‘ouncl ‘P rattering in’ t l e  - -‘Irrotow ne be ow
Isct l~erma~ Layer , ’ C . Accuui : :t . I ’~~c .  Ai.. ~~ -~~‘ ‘ — : ‘~C (i .~ ).

- H. Ti . Van Less , “(ni - -H ati~- u u cut thu , ‘ -a tteI- :-t Fit’. iu~ I, ’ - : ‘bowl -u - ,
Cone ,” , Il A(UPL I 

~~~~~, 
147_ -G (:an u;au-y 1°f’ ;) .

0 A. ~~~. ‘Pci t o  i at: - I Ii  . ~1 ‘P -i rol;:cr, I’ :y r’o~~- - : s : ’s ‘ 1 1 5  ~i at .
Pu i - ~ - a . ’ t r ~~-r  A5 -oust  i -  I u - -~ w i t h  a E :eud :a-au icr I ’ - ” ‘.- ,

‘ 
..  -li

Con . A’:,. T c~ , - cu’ _ 1i4o:~ ( i y 5 )  -

10 . Vi; P. t vs:.ucu. v , “ Av~~ - ’ u’ . e Pe a’.- law - in a ‘ u u - 1 ’ -~~- - t ’ - uuu- l  I ’l : L ry ,’ - a -

I un set ; ;Tcuu i m a y ,  “ Cc v . ‘hys . — A ’u:t ~.- s TE , )~ p_ k 
~ 

( ~ :1 -

11 . I .  I ;u ceea’ and I ! .  P .  T o u t-is , ‘i-C fc- -t -i l -  ‘ugh h~iuiJauies c ’t;
.T ’rrs:tl — ( ‘ h  , .sund I s’ -pa gat l o t : , “ C - A c t :’ - Coo - Au : . , ~~~~~~ ‘ -~~

( - g- , ) .

C , C . C I - ,- , “l- ’il ’c ~1 , ‘f a ~1 igl;t 1 y 
- s u e t ’!: ‘

~~~
‘ : - - -l u ;  I n u p  on T b -

c ’lw x’~- u ’ e  ‘ f ’  hrtvr’u:i U’ ‘u-cpagat.s ’u: , “ C A n ’r : :~ , ‘cc . Arr . .
‘ - ;

~~ :_ (i  
( ( 

I I f  ‘u )



} E j ~,i 12j CEC (Cont’d)

T-1 . A. Isakovich, “Ceattering of Acoustic Waves at Cma~l
In~,uuropeneities in a Waveduct,

” Soy. P hys .— Acoustics 3, 3.5~ e ’,
( ‘957).

i4. A. D. Lapin, “Scattering of Sound Waves in Irregular t-.’wvegisi--Je:,”
Soy. Phys.- Acoustics 14, G7C-279 (1958).

15 . A. D. Lapin, “Sound Scattering in an Irregular Waveguide at the
hormal T-Tod,e Critical Frequencies,” Soy . Phys.- Acoustics 17,
1490-1493 ( 1970).

16. A. D. Lapin, “Sound Propagation in Inhomogeneous Waveguide:,”
Coy . Phys.- Acoustics 1~ , 198-200 (1967).

t7. I . IT . Brekhovskikh, “Come Frol I cs.: of Oceanic Acoustic : , ”
Isv. Acad . Sci. US’PF Atmospher. Ocean Phys. 14 , 739-7146 ( ] o f ’o ) .

18. Vu P. Lysanov, “On the Field of a P-sitit Radiat or in a Laminar-
In homogeneous Medium. Bounded by an Uneven Surface , ” Soy . Phy s - -
Acoustics 7, 255-257 (1962) .

19. Yu 2 . Lysanov, “Influence of Inhomogene~ ty of the Medium on Wave
Scattering by an Uneven Curfac t - , ” 117ev . Phys. - Acoustics 13,
66-70 (1967).

20 . Yu P. Lysanov, “Mean Coefficient of Feflect ioru from an Uneven
Surface Bounding an Inhomogeneous T-edium , ” Coy . Phys . - Acoustics
15, 3140-31414 (1970).

C . F. P u t , “Guiding of Electromagnetic Waves by Uniferu. l y hough
Surfaces, ” Special Supple men t t o the ThE Trans. on A u t o-tu r n:
arid Propagation AP-7, S163-Sl68 ( 1959).

22 . H . P. Bucker , “Normal Mole  Solution for Ccuuri ,l  i -r cp ag-at ion  in a
Surl’ace Duct w ith a Rough Sur face , ’ ( U )  .J IIA(UC N ) i - - , i~u -~ -9
(January 1969) (CONFIDENTIAL).

3 .  . Schulkin, “The Tropagation of Sound in Tmperfoc’t 0cc-u . u’t ’a- ’
Cu r t :-’ , ” U.S. Navy Underwater Sound Laboratory Report Cc -: . 101’s
(22 April 1969).

A f :

—



-~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

21 July 19Th

U11T- T P [PJ T IOC LIST FOR
- G T . JA FTI ’TL LY PRo c P i T  REPORT I17~DER CONTRACT N0002 14— ’(o—c— 12i9

FOR THE 1’FPTOIi 1 APRIL — 30 JUN E 1970

r~,5:I~jr , 5J5 der
-Ia val ‘Ph i p ‘P-ystems Comm an d
Department of the Navy
Washinston , D. C. 20360

.1 Ac - Ic - :: :THIIh’ OUV1L

2 - - MC—3 87

3 Comm ander
Naval Un dersea Pesearch and T5 ’vel oc- rc -ent “~ :1--s
San Diego Division
271 Catalina Boulevard
-ian Diego , Cal i forn ia  92152
Attn : Code 503

Cirector
U. S . Naval Research Laboratory
Department of the Navy
Washington , F. C. 20390

14 Attn : Code 8120

5 Code 8172

— 7 ( C ’f i cc - cu’ —i rs — ;Th arge
I l ew London Laboratory
[Java l I C: ic r-a-it sr ystems Center

I W  London , Connect i cut 0632fl
,lt ~n Cod , ’ 2211

Tor: in:c- .d i no i Tcffj cor and Di r’~ctor
U. ~. Naval Ship Research and Development Lahorr-it cry

- U c : L S r Tt ‘it y ,  Florida 321402
-
~~ U t n : Code 700

‘4 ~‘;rI e- 7 ’()

LI . i~ uiu~~j~t - : . ‘ ‘ - -~

_ _ _ _ _  — t -- — — -~~~~~~- —



‘~ ‘~ ‘ _~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Distribution List for pRO , under Contract N 000 2 14— 70—C— 1279
‘ -~ ; ‘  t O o ’ - -  ~‘i- ~t 1 Ap ri l — 30 June 1970

10 Superintendent
U. S. Nav al Post graduat e School
Monterey , California 939140
Attn : Prof. H. Medwin

71 Offi ce of Naval Research
Resident Repre sentative
Lowi ch Bui lding
110 3 Guadalupe
Aust in , Texas 78701

11. C. H. Barnard, AEL/UT

73 ‘7. L. Boyd , ARL/IJT

7 ) ; B . L . Deavenport , ARL/U T

15 H. G. Frey , ARL/UT

16 TI. H. Wallace , ARL/UT

17 2. J. Welton , A.RL/UT

18 Library , ARL/UT

19 — 20 ~ HI, Reserve

T J ~LtIILP~ 

~~~~~~~~---~~~~~~~ . - _
~~~~~~ - --~~~~~~

-
~~~~

--



S , .  t ; r t h  ( i.e ’, s ; t ;

DOCUMENT CONTROL DATA . R & D
r i f l e , -.l~ I ,,bstr,,rt a,.d . t tdca .s i g  sq,nutnh,-n 0,0,4 l~, .n~•red .4l,,-n ,F,e uv.-ra l l  repofl - l . tss ,t,,- ,J,

- ‘‘,H,fl N A  - ‘ N C ,  A C ‘H V - T t~~ rp..rate ,n,~hor, a- R E f ’ ,)• ; T S t  C U R ,  T V  c u a s s  P r o  , - ‘

Ap:’lieI i - C : c - u 5 s } ;  a1-C’l-ato’rics !~ I~0’ , 7 T i 1173 , ~~~~~‘l’h-c U u u i v e r - : i t , ’ ci To> , -‘ws t i u ,  2b  Gt4 O~~~

Au st in , i’e ;-;a: ~‘5’~N C
- ‘4 ’ V ’ Q P  ¶ ‘ ‘ C F

1 ,  Progr ’os: - : - : 0 r ’c-c i ’ - c u r  i i  . IT:;;; . :‘ ic  i O -  I ‘

1J n o - u -  - ‘ s ’n tu -a ’t :;oc --° p _ - , . _

4 D IS C  R I  P T  - Y E  N O T  E S  (Type ol report and inclus,ve date,)

- 
- s w a t . .- : -  

- Pr o g re s s  ‘epor - ’ l . a  t i c :  per : :  a I :iDi’il — I 
- 

- -

A U  T ’ -IO R , 5 ,  (F,,st name , middle init ial , last name)

6 R E P OR T  D A T E  ‘a T O T A L  NO O F  P A ’ 4 F S  lb NO OF P I ES

(71 July 1- 72’ - -

Sa. C O N T R A C T  C R  G R A N T  NO a. O R I G ’ N * T O C $ •EV ’  ‘ 4 ’  N ,~~~’f i t RI S I

0302-i - ‘C-C_ l _ ’(°
b. PRO ;EC T NO

20  11, - - . 11, Tas.
Vt ’ OT ’ - t E M  m I Po R Y  N C~~ S )  A ;  .Se r  number. ,ha, ma, I,. a s , 1 g n e )

Phi, report ~

d

H. D I S T R I B C J r ,  S

;LI~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~zi~e~i n~~-t - ~~-ve~~~÷~ 
-

- - E’ L E M F N T A R V  N O T E S  12 1P0N30 ,NG M I L , ’ * P V  A C  T H Y - T V

- - - I 

O(,ci H (-
- ;  • 

‘.

~ P c

In ent ion  il i;’ - 1 . 0  i- ’’’ . ,  i :i~ - . : - u - -

c r 7 ’ :: ‘ c — — ’ . ’ i r s ; i u u i ) - e , r ’a’e: i c u ’ -. - c c l i - , -  c - i c c ; ’  c ’ . !  C’:’ - — —
t i ,n t n t l- . - ’ c, ::t t;;- i , ’’ - ’; ’:e i : - l :, ’ e ’ c : ’ : - a ’ :.C --:;tl ’n ’ , c u - a u ’ ’ ’ ’ : 
ij t - ~~~ 5 1V i t ’ .  1 . 0 t ows n r - : - a - c x : - - . - .’ I - u.  -a: - - ‘ :s’,, r ’;  1 ci r - a, - ‘ ‘ . -

~~~~
‘ -~

p i - e .iic;tions i t t  o w r - I ’:c- :u - c; ‘ , J . c  :‘--:‘ :‘ s - - c ’ i n u ’ u1- ’l -a : - ‘ ‘ c! .
ice ca l-c . The - c s - I - a c e  b- ’: r -h- i , b , a - e ) ’ T - . -c- - :- -c: ; ’ i - - i t - : C  : ‘
u - -ar : 10::; ‘ ‘ c ’ ; -  - ‘al ;] ’> c-ra t ‘~ . -° . ‘ (— ‘lj - — I -us t -  - r - ~~ ;, e: ’~~’’: I -

- c c l  - r .  - c
- Ira ‘ c--: ’~i , ’:; l i t  s : - -c~~r ’- c 1 i x ; - r ’ - : , I - ’-

i - u - i c e  1 1’ - u - ‘ - - - - - - i , - ’  - 1 - 1  1 . 0 ’ a - - ‘ , u - c - u  I’ u - I - u  - -

in: w i  T b  a u - . c c . h. o :.r c c c ’’ , .  ‘i I : o  I n ’ :‘ u’ - u l  ‘-‘ ‘ i-  : :0.-
I ‘ _ 1 i_ : . - 0 1- :- . - 5- H .  : 1 ’ ;  - - - ‘ c’s 11 -

“ - ‘‘ i:, ,’; cu t ’ ia. c l i -  -~. t~~- - : - . “ ‘ l a - . - - -  a - : ; .  - ‘c , ;-. i . i - I- - t J r c u  - - c r .
on Ci ’ - :’’: c - ’ - r ” I c:  - C 11 . ; : ~

- - , .

‘S.

•

D D FOA M 14 ( PA GE I )
I N OR  05 - 

- 
- :  -‘

‘, “~ Q l o t .  ~ O7 .  6~~O I L.c-un,v ~lIIutIIc.t~nn 
- 

—‘—--_---. — - .- . . -- . . .-- - . - . - . . 



~~~~~~~~~~~~~~~~~~~~~~~
‘
~~~~~~~~~

_ :c . 
~~~~~~~~~~~~

- ‘ i n ’ ; ’ i i -  1 311 ,
Se, u r i t ; C l a s s i f . c ’ a t i o n

I 4  L I N O  A L I N K  B L I N K  C
l I F T  W O R D S  ______ ______ ______ ______

R O L E  W Y  R O L E  W I  R O L E  R T

P e f l , - ’t.i o;. Iso: ;. P1 acre ~‘ ur I’ace

1 -51.5-1 c O-c -  A P1’ 1’  c ;-:isiac,io:i

1a’, , , , i - .u I7 i .a ’ eot , iv i tr -  Pa t t o r -uc

7 c ’ -, -n i’,’it ,-

sr - it ,c- ,; 01 ’cl’ I i ;-nse A:’c c r - ,c x i - - ,ac i ;’r:

- s-iCh — - o:::s;e:’I ’ - I a

( c c - c t  u -ni i s  1- ougi ; C’ a ’ f n - c ”

P’,cyl’:i~~t , - - t a le- -I i ou ;  C t c - : C fi c i e u st

A t ‘ ; , c ; a t i r , , :
:
~~ 1.~~’a . r, Di ;ct ’ a- opa gat : cu,

Int l. - - ‘ ‘ ; .  :a:-aes

DD ‘~?~..1473 (R A CK ) I H ’

I ~ ‘ Il’ - F  2 ) S cur~Iy



THE UNIVERSITY OF TE XAS
AT AU STI N

I- 

‘ - -- . - - ‘  ~~~~~~~~~~~~ -- --~~~~~ _ _


